A new method for determining flow curves of hot metal under dynamic recrystallization is proposed in this paper. Thermomechanical finite element analysis of a tool and a workpiece under hot compression is used to evaluate the upsetting force obtained by an experiment, as a function of the distributed flow stress of the workpiece. In order to compensate the effect of inhomogeneous distributions of deformation and temperature on the flow curve, inverse analysis for calculating coefficients in a flow stress curve under dynamic recrystallization is coupled with the thermomechanical finite element analysis. The discrepancy in upsetting force between the experiment and thermomechanical finite element analysis is used as an error estimator in the inverse analysis. A new regression formula of the flow curve, which includes four independent parameters, is introduced. It can express the flow curve of hot metal under dynamic recrystallization as well as dynamic recovery and work hardening. Also, four independent parameters included in the proposed formula have clear physical meanings. The proposed method is applied to the hot compression test of plain carbon steel at elevated temperatures. Flow curves are successfully determined for diversified conditions of strain rate and forming temperature. From the determined parameters of the flow curve by the proposed inverse analysis method, it can be concluded that 1) the critical strain for the onset of dynamic recrystallization is dependent on strain rate as well as temperature, 2) the stain rate sensitivity of m ¼ 0:13 is acceptable for plain carbon steel under testing conditions, and 3) the temperature sensitivity A is approximately 3000-3600 [K À1 ]. Through investigation, it has become clearer that an accurate flow curve can be determined by the proposed method. In addition to a quantitative description of the flow curve as a function of strain, strain rate and temperature, metallurgical parameters such as the critical strain for the onset of dynamic recrystallization and steady-state stress could also be estimated directly by the proposed method.
Introduction
Flow stress of metal under forming is the most important parameter for research and development of forming technology. Research on flow curve determination ticked a long history in metal forming research, and its importance is still increasing along with the progress of metal forming analysis. Now, finite element (FE) analysis is widely used to calculate force and deformation characteristics of metal under forming. Precise information on two-dimensional and three-dimensional plastic deformations is easily obtained by FE analyses. One of the most important factors that influence the accuracy of solutions is the flow curve used for FE analyses.
The flow stress of metal under hot bulk forming can be measured by compression tests. Temperature and plastic deformation tend to exhibit inhomogeneous distribution, because there exist friction between the tool and the workpiece, heat conduction of the workpiece and the tool, internal heat generation of the workpiece and interface heat dissipation due to friction. The interface friction, which causes inhomogeneous plastic deformation, can be reduced by using a lubrication film 1) or Raskatiev testpiece, [2] [3] [4] [5] [6] which has a lubrication pit at the interface. Many experimental facilities were developed with aims to obtain an accurate flow curve of metal under hot forming. 3, [6] [7] [8] [9] [10] [11] Inhomogeneous temperature distribution can be reduced if we use a heatinsulating chamber 3, 6, 8) or electric resistance heating. 10, 11) Although experimental facilities developed in these investigations can reduce inhomogeneous distributions of temperature and plastic deformation, it is impossible to realize ideal uniaxial deformation and uniform temperature distribution in the hot compression test of bulk metal. Several approaches for compensating inhomogeneous plastic deformation and temperature distributions are proposed [12] [13] [14] with aims to derive the flow curve from the hot compression test. Inhomogeneous plastic deformation in the hot compression test can be compensated by FE analysis, but, in order to estimate the flow curve, there is a need to introduce an average amount of strain 12, 14) from distributed plastic strains of the workpiece.
The flow curve is usually described by mathematical equations, thus we need an adequate description of the flow curve before regression analysis to determine its coefficients. Often observed in hot metal under forming is the dynamic recrystallization of metal. Thus, the flow curve should be capable of describing its acute drop due to dynamic recrystallization as well as dynamic recovery and work hardening. Many kinds of flow curves were proposed through experimental investigations (Ludwik, 15) Hollmon, 16) Swift 17) and Voce 18) ) and analytical investigations [19] [20] [21] [22] [23] [24] [25] [26] such as that proposed by Estrin and Mecking. 19) Some of them could be used as the flow curves of hot metal under dynamic recrystallization. 6, [24] [25] [26] Unfortunately, as most of the flow curves of metal under dynamic recrystallization are based on those for steady-state creep deformation, they can't be easily implemented in the FE analysis of metal forming, where the Swift-type regression form of the flow curve [15] [16] [17] is desirable. Also, generally lacking is the physical meaning of the coefficients in flow curve formulation to describe a complex change in flow stress due to work-hardening, dynamic recovery and dynamic recrystallization. What is often observed in complex flow curves is that numerous coefficients are required to ensure accuracy in the determination of the flow curve in a wide range of plastic strains.
A new method for determining the flow curve of hot metal under dynamic recrystallization is proposed in this paper. The characteristics of the proposed method are summarized as follows. [27] [28] [29] is used in the proposed method, and it is coupled with thermomechanical FE analysis. 28, 29) Figure 1 shows the general construction of the proposed method. The flow curve is described in the general form as
where C is the vector whose components C are parameters of the flow curve. " " ", _ " " " " " " and T are the equivalent strain, strain rate and temperature, respectively. Using the current value of C, the transient change in the upsetting force P hii ðCÞ at time step hii is obtained by thermomechanical FE analysis. Here in thermomechanical FE analysis, the flow stress is computed using the current description of the flow curve for every element, in which " " ", _ " " " " " " and T are different with each other. Inverse analysis can be applicable to the hot compression test with inhomogeneous plastic deformation and temperature distributions, because the flow curve shown as eq. (1) is substituted independently to every element. From hot compression tests, the upsetting force P Ãhii for every pressing stroke or height reduction R hii is obtained. The discrepancy in upsetting force between the experiment and thermomechanical finite element analysis is used to define the error estimator È, which is expressed by
where M is the total number of time steps. f hii ðCÞ is the error between thermomechanical FE analysis and the hot compression test at time step hii or height reduction R hii . In order to determine C, in the flow curve, the error estimator ÈðCÞ should be minimized. The vector C, which minimizes the error estimator ÈðCÞ, can be solved iteratively by the Lavenberg-Marquardt method, 30) which is expressed by where (k) denotes the k-th iteration step in the minimization procedure. Components of the Jacobi matrix J in eq. (3) can be calculated by
From eq. (4), it can be seen that the size of the Jacobi matrix J is M Â N, where N is the total number of independent parameters of the flow curve. I in eq. (3) is the unit matrix with the size of N Â N. The components of the Jacobi matrix are calculated by the numerical differentiation of the error function f hii ðCÞ P Ãhii À P hii ðCÞ in thermomechanical FE analysis.
We need to introduce constraint conditions in the minimization procedure of the error estimator. " ¼ "
ðC; " " "; _ " " " " " "; TÞ > 0 is a representative constraint condition for example. For the case with a constraint condition expressed by eq. (5), the modified error estimator can be expressed by
where is the -th constraint function, and B is the number of constraint functions. W is the penalty function weight. @W =@ ðCÞ in eq. (6) is the inverse barrier function proposed by Carroll. 31) During the iterative procedure, the penalty function weight W is gradually reduced to zero, in order to eliminate the effect of the constraint condition on the final solution of the flow curve. In this case, the modified Lavenberg-Marquardt method 32) can be applied to minimize the error estimator with the constraint condition. Here, 1 N and 1 N.
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Thermomechanical FE analysis for the hot compression test
A mesh system of thermomechanical FE analysis used in inverse analysis is shown in Fig. 2 . Thermal and deformation analyses are repeated alternatively until reaching the final stroke in the hot compression test. The Lagrange multiplier rigid-plastic finite element method is used in the deformation analysis of the workpiece. Its variational principle is expressed by
Thermal analysis of the workpiece as well as the tool used for upsetting is conducted, as shown in Fig. 2 . The Arbitrary Lagrangean Eularian (ALE) scheme is used in the thermal analysis of the tool, because the radial coordinate of the workpiece node at the interface moves due to the plastic flow of the workpiece. Then, the following equation is applied in thermal analysis.
Here, , c and K are the density, specific heat and thermal conductivity, respectively. v m is the mass velocity of the tool in the radial direction, and v g is the grid velocity of the tool in the radial direction. r and z are radial and vertical coordinates. _ Q Q is the heat generation due to plastic deformation and friction. Here in the thermal analysis of the tool, the mass velocity v m is zero, and the grid velocity v g coincides with the radial velocity of the workpiece v r at the toolworkpiece interface. Then, eq. (11) yields following eq. (11 0 ).
It is assumed that all of energy dissipations are transferred to heat generation, such as _ Q Q ¼ _ " ". The Galerkin method and the Crank-Nicholson differential form are used to discretize eq. (11 0 ). Radiation and heat transfer to the atmosphere are used as boundary conditions. They are expressed as eqs. (12) and (13), respectively.
Here, H is the heat transfer coefficient, E is the radiation coefficient, s is the Stephan-Boltzmann constant and ' is the shape factor. The temperature of the surrounding atmosphere T a is assumed to be 293 K. Parameters in thermal analysis 33) are listed in Table 1 . An example of thermal analysis for obtaining initial temperature before upsetting is shown in Fig. 3 . The temperature of surface point A, which locates the height center of workpiece z ¼ 0:0, is the controlling Fig. 2 Mesh system of tool and workpiece implemented in inverse analysis of flow curve. temperature in the hot compression test. An example of a heat treatment curve in the hot compression test is shown in Fig. 4 . The normalizing time is 30 [s] and the initial austenite grain size after normalization is about 50 mm. In Fig. 3 , the axial temperature distribution at time t I , which is the end of temperature holding, is shown. Induction heating is used to elevate the temperature of the workpiece. Heat generation of the workpiece by induction heating _ Q Q I is approximated by
Here, h is the initial height of the workpiece, and z is an axial position. The parameter _ Q Q I 0 is controlled during the thermal analysis of heating to monitor the measured temperature change of point A before the hot compression test. From  Fig. 3 , it is clear that temperature analysis is successfully conducted with sufficient accuracy, when we use the parameters listed in Table 1 . Needless to say, temperature analysis is conducted continuously from heating until the end of hot compression.
Comparison of the bulge profiles between the experiment and thermomechanical FE analysis revealed that they are in good agreement throughout the analysis in this investigation, when the friction coefficient ¼ 0:2 is used. Thus, in thermomechanical FE analysis in the inverse analysis of the flow curve, ¼ 0:2 is used along with the thermal parameters listed in Table 1 .
Flow curve formulation of metal under dynamic
recrystallization Various descriptions of flow curves are proposed and implemented in inverse analysis, [27] [28] [29] as is described before. Unfortunately, these formulations do not reflect the effect of dynamic recrystallization in a correct manner. For example, the description of the flow curve using an internal state variable 29) does not express steady-state flow stress. Figure 5 shows the flow curve of metal under work hardening, dynamic recovery and dynamic recrystallization. From metallurgical consideration, the flow curve formulation should be capable of describing its acute drop after the onset of dynamic recrystallization. Also, it should be capable of describing its steady-state value after a certain amount of plastic strain, when deforming hot metal is under perfect dynamic recrystallization. As a flow curve for the deformation analysis of metal forming, a Swift-type formulation of the flow curve is desirable, because the flow stress is calculated explicitly as a function of strain, strain rate and temperature. It is better to describe the flow curve by a simple form, in which parameters C of the flow curve have physical meanings. Here, the following flow curve formulation is used.
The flow curve expressed by eq. (15) shows its standard form under isothermal condition and strain rate _ " " " " " " ¼ 1:0. " c in eq. (15) denotes the critical strain for the onset of dynamic recrystallization. When the equivalent strain is smaller than " c , work hardening and dynamic recovery take place. A simple power law is used to describe the flow curve of smaller strain. " max is the strain when the flow stress reaches its maximum value, and F 3 corresponds to the steady-state stress s when the deforming metal is under perfect dynamic recrystallization. a, F 2 and " max are dependent parameters, and they are calculated by continuity of the flow curve in zero-order, first-order and second-order derivatives at "
Here, " c , F 1 , n and F 3 are four independent parameters for the standard description of the flow curve proposed in this investigation. They are the components of parameter C. The inverse analysis of the flow curve implemented in the proposed method allows inhomogeneous distribution of plastic deformation and temperature. It necessitates flow stress which can describe its dependency on temperature and strain rate in thermomechanical FE analysis, around their standard values. Then, the modified form of the flow curve,
is used in the inverse analysis of the flow curve, after substituting eqs. (15) to (19) . T 0 is the reference temperature, and the initial upsetting temperature is used as the reference temperature. m is the rate sensitivity, and A is the temperature sensitivity. It is assumed that m ¼ 0:13 and
34) The above mentioned m and A are regarded as hypothetical values, and they could be modified after flow curves are determined for different initial upsetting temperatures T 0 and ram speeds. Figure 6 shows the flow chart of inverse analysis. The convergence conditions are summarized in Table 2 . The proposed inverse analysis method fort the flow curve is composed of a typical optimization problem of nonlinear phenomena, thus the analysis with different initial guesses of parameter C is conducted, and the converged solution of C and its convergent status are carefully examined to ensure that C is stationary. It is worth noting that one additional external loop in the flow chart, which is drawn by a broken line, is evident in Fig. 6 . This external loop is for calculating the rate sensitivity m and the temperature sensitivity A, by using the flow curves obtained by the proposed method for different initial temperatures and strain rates. Table 3 shows the conditions of the hot compression test and the chemical composition of the steel used for the experiment. A THERMECMASTER Z machine is used in the hot compression test. Standard initial specimen dimensions are 8 mm diameter and 12 mm height, but two other tests with different initial heights are added to check the effect of geometry on the flow curve obtained by the proposed method. Forming temperatures are 1373 K and 1173 K. Three strain rates, 1, 10 and 50 [s À1 ], are tested. The heat treatment conditions are shown in Fig. 4 , for the forming temperature of 1373 K. Thermomechanical FE analysis is conducted immeduately after heating has started to estimate the initial temperature field of the tool and the workpiece precisely until the end of the hot compression test.
Flow chart of proposed method

Results and Discussions
Experimental conditions
Flow curve and its rate sensitivity
A typical curve for upsetting force versus height reduction is shown in Fig. 7 . Here, points hii, which are used to estimate the error between thermomechanical FE analysis and the hot compression test, are shown by symbols (please see eq. (2)). The upsetting force is evaluated in every 1% height reduction, and its starting point is 2%. The upsetting forces in FE analysis and the experiment are in good agreement, although a rapid increase in upsetting force is observed at several points due to folding of a free surface.
The flow curves determined by the proposed method are shown in Fig. 8 and Fig. 9 , for different forming temperatures. Flow curves shown in these figures represent those under isothermal condition, which are obtained by inverse analysis coupled with thermomechanical FE analysis proposed in this paper. Flow curves obtained by Kada's approach 14) are also shown in these figures as references. It is clearly shown that typical flow curves of metal under dynamic recrystallization are obtained by the proposed method, which cannot be obtained only by compensation for an equivalent strain by FE analysis, 14) where fluctuation in flow stress can be seen even at a larger strain when the metal is under perfect dynamic recrystallization. At a glance, the difference between the flow stress values obtained by Kada's approach and our proposed method may not be significantly large, but this difference is crucial from the metallurgical viewpoint. The flow stress should keep a steady-state value when the deforming metal is under perfect dynamic recrystallization, as shown in Fig. 5 , but this steady-state value could not be obtained by the conventional approach. 14) Flow curves for different specimen sizes are shown in Fig. 10 . The flow curves are almost identical, thus we can conclude that the proposed method does not include the size effect, when the aspect ratio of the specimen h=D is larger than 1.5. The steady-state stress for the aspect ratio of 1.0 is slightly smaller than those for other aspect ratios, but its relative difference is less than 7%.
The parameters of the flow curves are summarized in Table 4 . Here, coefficients of the flow curves for different Table 3 Conditions of hot compression test and chemical composition of workpiece. strain rates and temperatures are listed. The critical strain for the onset of dynamic recrystallization, " c , increases according to the increase in strain rate. 26, 35) Senuma et al. 36) reported that the critical strain " c is only a function of the forming temperature. From the results listed in Table 4 , it can be concluded that the critical strain " c is also dependent on strain rate.
As indicated by eq. (19), the dependency of the flow curve on strain rate is not included in the standard description of the flow curve shown in eq. (15) . If the rate sensitivity of m ¼ 0:13 is correct, the independent parameters F 1 and F 3 should be identical for the same initial temperature T 0 and different strain rates. In other words, the rate sensitivity m could be modified using discrepancies in F 1 and F 3 for different strain rates, as shown by the external loop in Fig. 6 . It is clear that the rate sensitivity m ¼ 0:13 is approximately true for higher temperature T 0 ¼ 1373 K, if we consider F 1 for the strain rates _ " " " " " " ¼ 1, 10 and 50 [s À1 ]. Also, F 3 for the strain rates _ " " " " " " ¼ 1, 10 and 50 is almost the same. Therefore, the accuracy of the rate sensitivity m ¼ 0:13 is confirmed.
Sensitivity of flow stress to temperature
The temperature sensitivity A could be estimated from reliable F 1 and F 3 values at different forming temperatures T 0 . If there are two values F 1 A , F 1 B and F 3 A , F 3 B for different temperatures T A , T B and the same strain rate, their ratios can be related by the following equations.
Since the parameters of the flow curve at the strain rate _ " " " " " " ¼ 1:0 are the most reliable, they are used to estimate the temperature sensitivity A from presented results. Here, from 34) is approximately correct. More important is the fact that the temperature sensitivity A and the rate sensitivity m can be easily estimated by the results obtained by our proposed method. To evaluate these values more precisely, the external loop, which is drawn by a broken line in Fig. 6 , should be used. Needless to say, it is not a difficult task to obtain these values using our proposed method. Consistent investigations for obtaining flow curves as a function of strain, strain rate and temperature for metals with different alloy compositions will be continued, on the basis of the analytical and experimental methods proposed in this paper.
Conclusion
A new method for determining flow curves of hot bulk metal is proposed, and it is applied to hot compression of plain carbon steel under dynamic recrystallization. The proposed method is effective even though there exist inhomogeneous plastic deformation and temperature distributions, which is inevitable in a hot compression test. The flow curve of metal under dynamic recrystallization can be easily obtained by the proposed method, as a function of strain, strain rate and temperature. Also, the obtained coefficients of the flow curve have a physical meanings, which correspond to the critical strain for the onset of dynamic recrystallization and the steady-state stress for example.
The obtained flow curve could be easily implemented in FE analysis of bulk metal forming processes, as it is formulated in the Swift-type form. Flow curve determination for different metals under hot bulk forming is really important, because it affects the accuracy of FE solutions directly. Accumulated data on flow curves for various metals will be one of the main components of the material genome for realization of digital metal forming for the optimization of the metal forming process and the development of an innovative metal forming technology. 
